Abstract. We derive an exact expression for the correlation function in redshift shells including all the relativistic contributions. This expression, which does not rely on the distantobserver or flat-sky approximation, is valid at all scales and includes both local relativistic corrections and integrated contributions, like gravitational lensing. We present two methods to calculate this correlation function, one which makes use of the angular power spectrum C (z 1 , z 2 ) and a second method which evades the costly calculations of the angular power spectra. The correlation function is then used to define the power spectrum as its Fourier transform. In this work theoretical aspects of this procedure are presented, together with quantitative examples. In particular, we show that gravitational lensing modifies the multipoles of the correlation function and of the power spectrum by a few percent at redshift z = 1 and by up to 30% and more at z = 2. We also point out that large-scale relativistic effects and wide-angle corrections generate contributions of the same order of magnitude and have consequently to be treated in conjunction. These corrections are particularly important at small redshift, z = 0.1, where they can reach 10%. This means in particular that a flat-sky treatment of relativistic effects, using for example the power spectrum, is not consistent.
Introduction
Upcoming redshift surveys of the distribution of galaxies [1] [2] [3] [4] [5] [6] are going to probe the largescale structure of the universe at high redshift and for wide patches of the sky with unprecedented precision. To exploit the information delivered by these surveys in an optimal way, it is crucial to have reliable theoretical predictions of the signal. Redshift surveys generally associate two quantities to each galaxy they detect: the direction from which photons are received, n, and the redshift z. It has therefore been argued in the past [7] [8] [9] [10] [11] [12] , that galaxy correlation functions are truly functions of two redshifts and an angle. The angular-redshift power spectrum is then given by C (z 1 , z 2 ). This quantity has been introduced in [12, 13] , where it has also been shown that due to relativistic projection effects, the linear power spectrum is not simply given by density fluctuations and redshift-space distortions, but it acquires several additional terms from lensing, ordinary and integrated Sachs Wolfe terms, gravitational redshift, Doppler terms, and Shapiro time delay. These projection effects had been previously identified in [14, 15] .
Subsequently, linear Boltzmann codes like camb [16] and class [17] have been generalized to calculate this galaxy count angular power spectrum [18, 19] . To determine the C (z 1 , z 2 ) observationally, one correlates the number of galaxies in a redshift bin around z 1 and in a small solid angle around direction n 1 with those in a redshift bin around z 2 and in a small solid angle around direction n 2 . Due to statistical isotropy, the resulting correlation function only depends on the angle θ between n 1 and n 2 , cos θ = n 1 · n 2 and is related to the angular power spectrum in the well known way, ξ(θ, z 1 , z 2 ) = 1 4π (2 + 1)C (z 1 , z 2 )L (cos θ) , (1.1) where L denotes the Legendre polynomial of degree . Before the introduction of the C (z 1 , z 2 )'s, cosmologists have mainly concentrated on determining the correlation function and the power spectrum in Fourier space. In comoving gauge, on sub-horizon scales the latter is given by [20] 
Herez is the mean redshift or the survey, P m (k) is the matter density power spectrum today, D 1 (z) is the growth factor normalized to D 1 (0) = 1, b(z) is the galaxy bias and
is the growth rate, where the prime denotes the derivative with respect to the redshiftz. The direction cosine ν is the cosine of the angle between k and the observation direction n (in the literature this direction cosine is often denoted as µ but here we reserve µ for the corresponding angle in real space and in order to avoid confusion we denote it by ν in Fourier space). Equation (1.2) has an interesting property: projecting out the monopole, quadrupole and hexadecapole in ν, one can directly measure the bias b and the growth rate f . This has been exploited in previous observations and has led to the best determinations of f so far (see [21] [22] [23] [24] [25] [26] and refs. therein). It is clear that the form (1.2) of the power spectrum can only be valid if the bins are not too far apart in the sky. Eq. (1.2) indeed implicitly assumes that the galaxies are observed in one single direction n so that a 'flat-sky approximation' with a well defined angle ν is a reasonably good approximation.
An observable alternative to the power spectrum, which is routinely used in galaxy surveys is the correlation function ξ(r, µ,z), where r denotes the separation between the galaxies, µ is the orientation of the pair with respect to the direction of observation n and z is the mean redshift of the survey. The correlation function is observed in terms of z 1 , z 2 and θ. To express it in terms of r, µ andz, the redshifts z 1 and z 2 have to be converted into comoving distances and a direction cosine µ has to be defined.
Neglecting spatial curvature we can use the cosine law to express r in terms of the comoving distances to z 1 and z 2 , r(z 1 , z 2 , θ) = χ(z 1 ) 2 + χ(z 2 ) 2 − 2χ(z 1 )χ(z 2 ) cos θ , (1.4) where
Here Ω m is the matter density parameter and Ω X g X (z) is the dark energy density in units of the critical density today; g X is normalized to g X (0) = 1. Hence the correlation function ξ(r, µ,z), as well as the power spectrum, are not directly observable: they both require the use of a fiducial cosmology to calculate r and χ(z). If the redshift is small, z 1, we can write χ(z) z/H 0 , and the dependence on H 0 is taken into account by measuring cosmological distances in units of Mpc/h, where Mpc denotes a megaparsec ( 3.1 × 10 6 light years) and h = H 0 /100 km/s/Mpc. However, in present and upcoming catalogues which go out to z = 2 and more, this is no longer sufficient and r depends in a non-trivial way on the dark matter and dark energy density, on the dark energy equation of state and on curvature (which is set to zero in this work for simplicity). Fortunately this dependence can be accounted for by introducing correction parameters, which allow for deviations from the fiducial cosmology, see e.g. [27] . In the flat-sky approximation, the standard correlation function takes the simple form [28] ξ st (r, µ,z) = D Note that the terms containing the growth factor f come from the Jacobian transforming real space positions x into redshifts 1 .
In Appendix D we derive the general relation between the c (r) and the corresponding pre-factors of the Legendre polynomials in the power spectrum.
Expressions (1.2) and (1.6) are currently used to analyse redshift surveys 2 . These expressions are sufficiently accurate to place meaningful constraints on cosmological parameters with current data. They may however not be sufficient to analyse future surveys since they suffer from two important limitations: first they are based on the flat-sky (sometimes also called distant-observer) approximation. And second they take into account only density fluctuations and redshift-space distortions. They neglect lensing which is relevant especially when the redshifts z 1 and z 2 are significantly different. They also neglect all the relativistic projection effects which are relevant on large scales (close to horizon scale). These expressions are therefore only an approximate description of what we are observing, which is also reflected by the fact that they are gauge-dependent.
Due to these limitations, one would be tempted to use the angular power spectrum instead of Eqs. (1.2) and (1.6) to analyse future redshift surveys. The gauge-invariant C (z 1 , z 2 )'s account indeed for all observable effects. They are directly observable and do not rely on the flat-sky approximation. And they can be determined numerically within a few seconds with sub-percent accuracy. Unfortunately they are not fully satisfactory for several reasons:
(1) If we want to profit optimally from spectroscopic redshift information from a survey like the one that will be generated by Euclid [1] , DESI [5] or the SKA [6] , we need several thousand redshift slices leading to several million C (z, z ) spectra. For an MCMC parameter estimation this is simply prohibitive. Even if one spectrum is calculated within a few seconds, calculating the millions of spectra ∼ 10 5 times would take months even if highly parallelized.
(2) In each spectroscopic redshift bin we then only have a few 1000 galaxies, less than one per square degree, and the observed spectra would have very large shot noise ∝ 1/N , allowing only computation up to very low .
(3) One of the big advantages of ξ(r, µ) and P (k, ν) is that the growth rate f (z) can be simply determined by isolating the monopole, quadrupole and hexadecapole components in an expansion of P and ξ in Legendre polynomials in µ and ν respectively. With the C 's on the other hand there is no simple way to isolate redshift-space distortions since each multipole is a non-trivial combination of density and velocity.
Hence even though the C 's are very convenient theoretically, they are not fully satisfactory from an observational point of view. In this paper we therefore derive general expressions for the correlation function and the power spectrum, that can be used as theoretical models for future surveys. Our work builds on the result of several papers, which have studied the impact of some of the relativistic effects on the correlation function and on the power spectrum. In [31, 32] , expressions for the flat-sky power spectrum including all non-integrated relativistic effects have been derived. In [33] [34] [35] the lensing contribution to the flat-sky power spectrum and the flat-sky correlation function has been studied in detail. Refs. [9, 10, 29] have derived full-sky expressions for density and redshift-space (RSD) contributions to the correlation function, which have then be further developed in [11, [36] [37] [38] . These expressions have been re-derived using an alternative method in [39] . Ref. [40] has studied in detail the relation between the full-sky and flat-sky density and RSD for both the correlation function and the power spectrum. In [41] the full-sky calculation of [9, 10, 29] has been extended to include gravitational redshift and Doppler terms, which are especially relevant in the case of multiple populations of galaxies. Ref. [37] further expands the formalism introduced in [9] by computing theoretical expressions for the wide-angle corrections including also the integrated terms and Ref. [42] numerically evaluates all the non-integrated relativistic terms in the fullsky. In [43] the integrated terms in the correlation function are plotted for the first time for two values of the angle θ. The theoretical expressions in these works rely on an expansion of the correlation function in Tripolar Spherical Harmonics which on the one hand is a powerful tool to obtain simple expressions in the full-sky but on the other hand hides some properties of the correlation function enforced by isotropy. 3 Here we generalise and complete these results. We first derive a full-sky expression for the correlation function including all local and integrated contributions, in which isotropy of the perturbations is explicit. In particular, we provide a detailed study of the gravitational lensing contribution to the correlation function which does not rely on the flat-sky or Limber approximation. We discuss how these full-sky contributions modify the simple multipole expansion of Eq. (1.6). This represents the first analysis of the full-sky lensing contributions to the multipoles of the correlation function, which is most relevant when extracting the growth factor. In this aspect as in several other ways, this analysis goes beyond the pioneering work of [43] .
In the second part of this work we use the correlation function to calculate the power spectrum, which we define as the Fourier transform of the full-sky correlation function. In this way the power spectrum does not rely explicitly on the flat-sky approximation. However, it has an unambiguous interpretation only in this limit. Comparing the full-sky and flat-sky derivations, we find that relativistic effects and wide-angle corrections 4 are of the same order of magnitude and they have therefore to be treated in conjunction. This leads us to the conclusion that relativistic effects cannot be consistently studied in the flat-sky and that the correlation function is therefore more adapted than the power spectrum to investigate these effects.
This paper is the first part of this study where we present the theoretical derivation and some numerical results. An exhaustive numerical study, including also the effects of the new terms on cosmological parameter estimation, is deferred to a future publication [44] . Of course, there are many studies estimating cosmological parameters using the C (z 1 , z 2 ), see for example [19, [45] [46] [47] [48] . However as argued above, these can mainly be used for large, photometric redshift bins while within such bins, in order to profit optically from spectroscopic redshift information, a correlation function or power spectrum analysis is required.
The remainder of the present work is structured as follows: in the next section we describe how we obtain the redshift-space correlation function from the angular correlation function. As already discussed above, the procedure of course depends on the cosmological model. We shall describe two possibilities: to go either over the C (z 1 , z 2 ) spectra or to obtain ξ(r, µ,z) directly from the density fluctuations, velocity fluctuations and the Bardeen potentials in Fourier space. In Section 3 we study the power spectrum. In Section 4 we discuss the implications of our findings for future surveys and we conclude. Several technical derivations are relegated to 5 appendices.
The correlation function
The galaxy number counts including relativistic corrections have been derived in [12, 13] with the following result
where
2)
3)
4)
5)
(2.9)
Here δ c is the matter density fluctuation in comoving gauge, v r is the radial component of the velocity in longitudinal gauge, v is the velocity potential such that v = −∇v, v r = −∂ r v; hence v has the dimension of a length (we later define V via its Fourier transform,v = k −1 V (k), so that V (x) is dimensionless). Φ and Ψ are the Bardeen potentials and ∆ Ω denotes the Lapacian on the sphere of directions n. The galaxy bias is denoted by b, s is the magnification bias and f evo is the evolution bias. These biases generally depend on redshift. The magnification bias s comes from the fact that in general we do not observe all galaxies but only those which are brighter than the flux limit of our instrument. Due to lensing and to some relativistic effects, some fainter galaxies may make it into our surveys. This is taken into account by s which is proportional to the logarithmic derivative of the galaxy luminosity function at the flux limit of our survey, see [13, 18] for more details. The terms ∆ den and ∆ rsd are the density and redshift-space distortion terms usually taken into account. In the following we call the sum of these two terms the 'standard terms'. ∆ len represents the lensing term, also often called magnification. This term has already been measured with quasars at large redshift, see e.g. [49] , but it is usually neglected in galaxy surveys, since it is subdominant at low redshift. ∆ d1 is the Doppler contribution. Note that here we have used Euler's equation to derive this term. In all generality this term contains a contribution from gravitational redshift, proportional to ∂ r Ψ/H, which can be rewritten in terms of the velocity v r using Euler equation, see e.g. [41] . ∆ d2 is a velocity term which comes from transforming the longitudinal gauge density into the comoving density. ∆ g1 , ∆ g2 and ∆ g3 are relativistic effects, given by the gravitational potentials at the source. As such they are sometimes called 'Sachs-Wolfe' terms. ∆ g4 denotes the so-called Shapiro time-delay contribution and ∆ g5 is the integrated Sachs-Wolfe term.
In the following we will sometimes group together the relativistic non-integrated terms (d1, d2, g1, g2, g3). The lensing term is treated separately since its calculation is different. The relativistic integrated terms (g4 and g5) are neglected in our numerical results since their contribution is largely subdominant with respect to the lensing term.
Using C 's
We start by deriving the correlation function of (2.1), using the angular power spectrum C . Using Eqs. (1.1) and (1.4) we can write 12) where ∆z is given by (H = H(z),χ = χ(z))
This is a simple consequence of (1.4) setting z 1,2 =z ± ∆z and approximating χ 1,2 = χ(z ± ∆z) χ(z) ± ∆z/H(z). This function is the same full correlation function as the one given in Eq. (1.1), but now expressed in terms of the variables r,z and θ instead of z 1 , z 2 and θ. We shall use the same symbol ξ to denote it. Usually, the correlation function is not considered as a function of r,z and the opening angle θ between the two directions which are correlated, but as a function of r,z and the angle with a fictitious but fixed line-of-sight between the two directions of observation. If θ is small enough, redshift-space distortions are proportional to the cos 2 of the angle with this fictitious direction. To mimic this situation we introduce
14)
Writingχ = (χ 1 + χ 2 )/2 and using Eq. (2.14) we obtain
Note thatχ and χ(z) are not exactly the same but in what follows we neglect this difference which is of order (∆z) 2 /H(z). With this, the correlation function, ξ(r,z, θ) can be written as a function ofz, r and r ⊥ (or, equivalently,z, r and µ)
Note that, again, we have re-expressed ξ in different variables. Expression (2.17) is valid as long as ∆z is small so that ∆z r H(z)/2 = (χ 2 − χ 1 )H(z)/2 is a good approximation. Expression (2.18) however, is valid for all possible values of r = χ(z + ∆z) − χ(z − ∆z) and r = (x 1 − x 2 ) 2 , r ⊥ = r 2 − r 2 where x 1 = χ(z − ∆z)n 1 , x 2 = χ(z + ∆z)n 2 such that c(z, r, µ) = n 1 · n 2 . For a given cosmology, fixing r andz is therefore equivalent to fixing z 1 and z 2 while r ⊥ then fixes cos θ. Given a cosmological background model, there is a one-to-one correspondence between the modelindependent angular correlation function (1.1) and the model-dependent correlation function (2.18).
The angle α, given by µ = cos α defined by Eq. (2.15), is the angle between the line r connecting x 1 and x 2 and the line connecting the intersection of the circle around x 2 with radius r = µr and the Thales circle over r (see Fig. 1, left panel) . This angle is not very intuitive and it is not what observers use. In practice the angles used are either β, the angle between r and the line dividing r into two equal halves (see Fig. 1, right panel) or γ, the angle between the line bisecting the angle θ and r (see Fig. 1, middle panel) . Using elementary geometry we can express the angles β and γ in terms of θ, χ 1 and χ 2 (see Appendix A for a derivation):
19)
In the small angle approximation, θ → 0, both functions behave as
If r = 0, i.e. χ 1 = χ 2 , we can express c(z, r, µ) in terms ofz, r, cos β as
Here χ 1,2 are given in terms ofχ and r by solving the equations
If we want to express the correlation function in terms ofz, r and cos β, we have to solve the system (2.21,2.22). A short calculation gives
Inserting cos θ from (2.23) and r from (2.24) in (2.17), we can express the correlation function as a function of r,z and cos β. In terms of γ we find
In the small angle limit, all three angles, α, β and γ coincide. In Section 2.2.2 we will see that the angle which gives the result closest to the flat-sky limit is the angle µ. For this reason and due to its simplicity in what follows we express both, the correlation function and the power spectrum in terms of the projection along and transverse to the line-of-sight using the angle α with cos α = µ = (χ 2 − χ 1 )/r = r /r. As explained above, for small angles this is equivalent to choosing β or γ, but for large angles, the expressions in terms of µ are simpler.
In Fig. 2 we show the correlation function atz = 1 as a function of r and r ⊥ . In all figures, we use the cosmological parameters: h 2 Ω m = 0.14, h 2 Ω b = 0.022, h = 0.676, A s = 2.215 × 10 −9 at k * = 0.05 Mpc −1 , n s = 0.961, b(z) = 1, f evo = 0 and s = 0 unless otherwise stated. In the left panel of Fig. 2 we include only the density, in the middle panel we also consider redshift-space distortions (RSD) and in the right panel we include also the lensing term. While the pure density term is spherically symmetric with a well visible baryon acoustic oscillation (BAO) feature at r ∼ 100Mpc, the RSD removes power for small r ⊥ and adds power at large r ⊥ . Also the maximal amplitude has more than doubled due to RSD 5 .
Finally the lensing term adds a very significant amount of power for large r and small r ⊥ . This is the case when a foreground density fluctuations lenses a structure at higher redshift along its line of sight. The additional relativistic contributions are very small and become visible only on very large scales, as we shall see in the rest of this paper and as has already been anticipated in several papers, e.g. Refs. [12, 13] .
In Fig. 3 we show fractional differences for µ = 0 (left) and µ = 1 (right)
In this way we show separately the contribution of each correction A with respect to the standard term, including its correlation with density and redshift-space distortion. The middle panel shows ∆ξ A for A = lensing and the lower panel for all the non-integrated relativistic effects, namely the terms d1, d2, g1, g2 and g3 (see Eqs. (2.1) to (2.11) for a definition of the various relativistic terms). Finally, as reference, we plot in the top panel the fractional difference due to redshift-space distortion, namely ∆ξ rsd = (ξ st − ξ den )/ξ den . Not surprisingly, for µ = 0 the lensing term is very small apart from a small effect on the acoustic peaks. For µ = 1 however, at large scales r > 150 Mpc, lensing becomes the dominant term. As also noted in [34] , it increases linearly with distance. Comparing our full-sky calculation of the lensing (orange) with the flat-sky expression (blue) derived in [34] and in Appendix E (see Eq. (E.16)) we see that for µ = 1 the two expressions agree very well, which is not surprising because in this case n 1 = n 2 and flat-sky is a good approximation. The only source of difference in this case comes from the fact that the flat-sky result uses Limber approximation whereas the full-sky result is exact. This difference is very small, showing that Limber approximation for µ = 1 is very good. For µ = 0 on the other hand we see a non-negligible difference between the flat-sky and full-sky result. We will discuss this in more detail in Section 2.2.1.
From the bottom panel, we see that the non-integrated relativistic terms generate a correction of the order of the percent at large separation r ∼ 350 Mpc/h. Naively we would expect the Doppler term (d1: blue) to dominate over the other relativistic effects because it is proportional to the peculiar velocity and contains therefore one more factor k/H than the terms proportional to the potentials (see e.g. Eqs. (2.29) to (2.38) below). However, as shown in [41] (see also Appendix B), the correlation of this term with the standard term ∆ d1 ∆ st exactly vanishes in the flat-sky because it is totally anti-symmetric. The contribution that we see in Fig. 3 is therefore due to the correlation ∆ d1 ∆ d1 , which is a factor H/k smaller, hence ∼ ∆ st Ψ and to the full-sky contributions to ∆ d1 ∆ st , which are of the order r/χ ∆ d1 ∆ st ∼ ∆ d1 ∆ d1 ∼ ∆ st Ψ . Consequently, with one population of galaxies the Doppler contribution to the correlation function is of the same order of magnitude as the gravitational potential contributions (d2, g1 and g2). Only in the case where one cross-correlates two populations of galaxies, the Doppler contribution strongly dominates over the other relativistic contributions, because in this case ∆ d1 ∆ st does not vanish in the flat-sky.
For µ = 0, the Sachs-Wolfe like term (g1) dominates over the other corrections at all scales. For µ = 1 this term still dominates at small separation, but at large separation the fullsky corrections to the Doppler term become important and dominates over g1. Interestingly respect to the density contribution is reduced.
the second Sachs-Wolfe like term (g2) and the second Doppler term (d2) are nearly equal for both values of µ. It is easy to derive from the continuity and the Poisson equations that in a matter dominated Universe (H/k)V = −(2/3)Φ, hence ∆ d2 = ∆ g2 if s = 0, see Eqs. (2.33) and (2.35) . At lower redshifts, when Λ-domination sets in, we expect this equality to be less precise. The relativistic terms not shown in Fig. 3 are the Shapiro time delay (g4) and the integrated Sachs-Wolfe term (g5). These integrated terms are always subdominant with respect to the lensing term. Let us also note that the difference between the flat-sky standard term and the full-sky standard term is of the same order of magnitude as the relativistic terms depicted in the bottom panel of Fig. 3 . It is therefore not consistent to use the flat-sky approximation for the standard terms when investigating relativistic effects.
Finally we should point out that in this work we present the theoretical contributions of relativistic effects on the correlation function and the power spectrum (see Figs. 3, 8, 11, 16 and 17) . To estimate the observational impact of these terms one should build a realistic estimator and proceed with signal-to-noise analysis, forecasts and constraints for a specific survey. Such studies have been performed for the angular power spectrum C in [19, 45, 47, 48, 50, 51] and for the antisymmetric part of the correlation function ξ g in [52] . In a future work [44] , we will develop this for the multipoles of the correlation function and the power spectrum. This will allow us to compare the observational impact of the relativistic effects on the angular power spectrum with their impact on the multipoles of the correlation function and power spectrum, which are the standard observables currently used in large-scale structure surveys to measure the growth rate f .
Direct determination of the correlation function
In the calculation of the correlation function presented in the previous section, we still need all the C (z 1 , z 2 ) for an accurate calculation. Hence the reason (1) given in the introduction for the use of the correlation function and the power spectrum is not satisfied: the calculation is not simplified. To compute the correlation function for thousands of spectroscopic redshifts in an MCMC would still take months even if very highly parallelised. In this section we show how to improve this. The method explained in this section reduces the calculation of several thousand C (z 1 , z 2 )'s into just several terms. This results in a very significant speed up so that the computation becomes feasible.
We expand on a method introduced in [39] which avoids the computation of C (z 1 , z 2 ) but requires integrations in k-space and over the line-of-sight, as we shall see. In this method, no flat-sky approximation is performed, and the correlation function is therefore exact, within linear perturbation theory. We start from expression (1.1) for the correlation function and use that the C (z 1 , z 2 ) are of the form (see [18] ),
Here P R denotes the primordial power spectrum, determined by the amplitude A s and the primordial spectral index n s :
, and ∆ A , ∆ B are the Fourier-Bessel transforms of the terms defined in (2.2) to (2.11). More precisely
32)
35)
Here j are the spherical Bessel functions and the functions S X (z, k) are the transfer functions for the variable X which we specify in Appendix B. Over-dots indicate derivatives with respect to conformal time. For the evolution bias f evo , the magnification bias s and the galaxy bias b we follow the conventions of [18] . From these expressions one also infers the scaling of the different terms with respect to the density term. On sub-Hubble scales, k > H, the scaling of these terms with powers of H/k is a simple consequence of Newtonian physics. The continuity equation implies
we see that the density, RSD and lensing terms dominate, while the Doppler term d1 is suppressed by one factor of (H/k), and all other terms are suppressed by (H/k) 2 . For this reason all relativistic terms apart from lensing are strongly suppressed on sub-horizon scales and we call them 'large-scale contributions'. Most of them are relevant only on very large scales close to H(z) −1 . Exceptions to this rule are ∆ d1 and ∆ g1 which contain a pre-factor 1/(χH) which becomes large at very low redshift where χ is small. On super horizon scales all the transfer functions S X are typically of the same order but they become gauge dependent. Using these expressions, the correlation function ξ can be written as
where we define
In most of the terms Q AB k we have a sum of the form
where r = χ 2 1 + χ 2 2 − 2χ 1 χ 2 cos θ (see e.g. [53] (10.1.45)). Inserting (2.41) into (2.39) we can easily calculate the correlation function for these terms avoiding the numerically costly sum over the C 's. The redshift-space distortion and the Doppler term give rise to contributions that are slightly different because they contain first and second derivatives of the spherical Bessel functions with respect to kχ 1 and kχ 2 . These terms can however be treated in a very similar way using recurrence relations for the spherical Bessel function. For this we define
where we have set x i = kχ i and
we can determine explicit expressions for the ζ ij for i, j ∈ {0, 1, 2}. They are all given in Appendix B.
The only coefficients that do not fall into this category are the ones in ∆ len which contain additional factors and ( + 1) (see Eq. (2.31)). These terms can however be computed using the identity
They are given by
where LL denotes the correlation of lensing with itself and iL the cross-correlation of lensing with one of the other terms. With this we can build all the functions Q AB k and hence, with Eq. (2.39), the correlation function. The complete list of Q AB k is given in Appendix B. Here we just report the dominant contributions, i.e. the contributions which are not suppressed with additional powers of H/k with respect to the density term:
Note that here and in the following we suppress the argument θ in the functions ζ AB (kχ 1 , kχ 2 , θ) for simplicity. The correlation function is then given by Eq. (2.39). For example, the correlation function including only the standard terms is given by
For the second equal sign we made use of the transfer functions given in Appendix B. Eq. (2.45) is expressed in terms of the redshift z 1 and z 2 and the angle θ. It can however easily be written in terms of a mean redshiftz, the separation of the galaxies r and the orientation of the pair using Eqs. (2.14),(2.15),(2.16).
The correlation function obtained in this way agrees with the full-sky expressions derived in [9, 10, 29] for the standard terms and in [41] for the Doppler term. This method has however the advantage that it can be used to calculate also expressions for the integrated terms valid in the full-sky. Since the lensing is the dominant correction, it is important to have an accurate expression for this term valid at all scales and not relying on the Limber approximation.
µ and r dependence of the correlation function
Let us first discuss the full-sky correlation function as a function of µ and r. In Fig. 4 we show the lensing contribution
as a function of µ and r. We compare the full-sky result (solid lines) with the flat-sky result (dashed lines) derived in [33] and given in Eq. (E.16). In the top left panel we show the cross-correlation between density and lensing, whereas in the top right panel we show the lensing-lensing correlation. We see that the flat-sky expression for the lensing-lensing agrees extremely well with the full-sky expression. The density-lensing cross-correlation is however significantly different in the flat-sky and full-sky, even at small separation. This can be understood in the following way. The flat-sky result assumes not only that n 1 = n 2 , but it also uses the Limber approximation, which implies that only correlations at the same redshift contribute to the correlation function. Hence instead of integrating the lensing along the line-of-sight as is done in the full-sky expression, the flat-sky expression correlates the density at position z 2 with the lensing from the same redshift. This can be seen by looking at Eq. (E.7), where the integral along the line-of-sight has been replaced by the function δ(χ 2 − λ). This approximation is quite good for values of µ close to 1, i.e. when the galaxies are behind each other, but it is very bad when µ becomes small and for small separations r. In such cases, the density δ is correlated with the gravitational potentials generated by that same density Φ and Ψ and therefore the correlation is non-negligible even when the two redshifts are not exactly the same. As a result the flat-sky expression, which ignores this direct correlation, strongly underestimates the density-lensing correlation. Since the densitylensing cross-correlation is negative whereas the lensing-lensing is positive, this means that the flat-sky result overestimates the total correlation function, as shown in the bottom left panel of Fig. 4 . The bottom right panel shows the total lensing contribution as a function of separation for various values of µ. In general we find that the relative difference between the flat-sky and full-sky result is of the order of 20 percents and it can become much larger in some configurations.
In all these plots we do not calculate the lensing contribution when µ is exactly equal to 1. This value is indeed not physical since it would correspond to a galaxy situated exactly behind the other, which we can of course not see. Numerically this value is also problematic because it requires the computation of the correlation function between points that are exactly at the same position. This correlation function diverges if one uses the linear power spectrum and it has to be regularised by non-linear effects which suppress the power spectrum on very small scales, where fluctuations are damped. The largest value that we take is therefore µ = 0.9997895. This value ensures us that the line-of-sight from the most distant galaxy passes sufficiently far away from the closest galaxy to avoid being absorbed by it. In the following when we discuss about the parallel correlation function or when we show plots for µ = 1, this has to be understood as µ = 0.9997895. Finally let us mention that we do not include the correlation between redshift-space distortion and lensing. This correlation is exactly zero in the flat-sky approximation and we do expect it to remain very small in the full-sky 6 .
So far we have calculated all the flat-sky and full-sky correlation functions using the linear 6 We have checked numerically that atz ∼ 1 the RSD-lens contribution to the angular power spectrum is 3 to 4 orders of magnitude smaller than the δ-lens term. power spectrum. Since we are mainly interested in correlations at large separations, this is a very well motivated approximation for all the non-integrated terms. We have indeed checked that all the large-scale relativistic contributions change by at most 2-3 percents at small scales if we use the halo-fit power spectrum instead of the linear one to calculate the correlation function. For the lensing contribution on the other hand, non-linearities are important even at large separation, as already pointed out in [33] [34] [35] . This is due to the fact that lensing is sensitive not only to correlations between the two positions of the galaxy, but also to all correlations between the two lines-of-sight from these galaxies. When µ is large, these two lines-of-sight are close to each other at least in the vicinity of the observer, even when r is large, and consequently non-linear effects are important. Lensing has the property to mix large and small separations and a full-sky non-linear treatment is therefore necessary. The simplest way to calculate the full-sky lensing non-linearly is to use the Poisson equation to relate the gravitational potentials along the line-of-sight to the density (this equation is indeed valid also in the non-linear regime) and to use halo-fit to calculate the non-linear density power spectrum. This procedure can however not be implemented exactly because the full-sky lensing requires the density power spectrum at different redshifts along the two lines-of-sight P m (k, z, z ) where z and z can take any values between 0 and z 1 and z 2 . Halo-fit gives an expression for the power spectrum only when z = z . Note that this problem does not arise in the calculation of the flat-sky expression which uses Limber approximation and therefore neglects correlations coming from z = z . In order to overcome this problem we use the following approximate procedure: we calculate the non-linear power spectrum at a middle redshift along the line-of-sight z * and then evolve it using the linear growth rate D 1 (z) along the photon trajectory. This is of course not completely correct because in the non-linear regime density does not evolve with the linear growth rate, but it gives us a good approximation of the true non-linear lensing contribution. To determine which z * is the most appropriate, we use the flat-sky approximation 7 . We checked that our result behaves in a consistent way when we vary z * , which gives us confidence in this approximation (see Fig. 19 in Appendix C for more detail).
In Fig. 5 we show the fractional difference with respect to the standard term due to the full-sky lensing in the linear and non-linear regime ∆ξ lensing . Contrary to Fig. 3 where the fractional difference of all the terms was calculated with respect to the full-sky standard term, here we show the fractional difference with respect to the flat-sky standard term given in Eq. (1.6). In this way Fig. 5 can be directly interpreted as the fractional error that one makes when using the standard flat-sky correlation function instead of the full-sky observable correlation function containing lensing 8 . Clearly, lensing becomes very important at large separation and large µ. Neglecting it in this regime can therefore impact the determination of cosmological parameters in a significant way. We defer a detailed study of this impact to a future work [44] . Comparing linear and non-linear results, we find that for µ = 1, the non-linear result is very different from the linear one at all separations up to 250 Mpc/h. For r ≤ 150 Mpc/h, the non-linear lensing is significantly enhanced with respect to the linear regime. At larger separation however, the tendency is reversed. This reflects the fact that non-linearities move power from small to large k. On the right panel we see that at small separation, r = 8 Mpc/h, the non-linear lensing is significantly larger than the linear one for all µ. In summary, Fig. 5 shows that lensing cannot be neglected at redshift 1 and that it has to be calculated in the full-sky non-linear regime, because it mixes small scales (where non-linearities are important) and large scales (where full-sky effects are important).
Multipole expansion of the correlation function
The correlation function is in general a function of separation r and orientation µ. However, the dependence in µ of the standard flat-sky expression (1.6) is very simple, since it is given by L 2 (µ) and L 4 (µ) only. This simple dependence has been exploited to measure directly the growth rate f . In practice this means that each pair of galaxies is weighted either by
The average over all orientations is then performed, allowing one to measure the coefficient in front of each of the L , i.e. the monopole, quadrupole and hexadecapole.
In the full-sky regime the dependence of redshift-space distortions on µ becomes more complicated, first due to the fact that n 1 and n 2 are not parallel (wide-angle effects) and second because the growth rate and bias are evolving with time f (z 1 ) = f (z 2 ). In addition, the large-scale relativistic effects and the integrated effects have their own µ-dependence, which cannot be simply expressed in terms of L 2 (µ) and L 4 (µ) as we saw in Fig. 4 . As a consequence the multipole expansion of the full-sky observable correlation function differs from the flat-sky standard expansion. Firstly the monopole, quadrupole and hexadecapole of the full-sky standard term differ from the flat-sky ones. Secondly, these multipoles get corrections from the relativistic and lensing contributions. And finally, due to wide-angle effects and lensing, the multipoles beyond = 4 no longer vanish.
In Fig. 6 we show the impact of wide-angle effects on the monopole, quadrupole and hexadecapole. Since the standard terms are almost not affected by non-linearities above allows us to find the best z * . For z = 1 we find z * = 0.42 and for z = 2, z * = 0.73. 8 Note that to calculate the flat-sky standard expression in the non-linear regime we use the linear continuity equation to relate the velocity to the density and then we use halo-fit for the density power spectrum. This procedure is not completely correct as the continuity equation is also modified in the non-linear regime. Current data analyses use a more sophisticated procedure to calculate the non-linear redshift-space distortions, based on [30] . Our procedure is however conservative since it tends to overestimate the impact of non-linearities on redshift-space distortions and therefore to underestimate the relative importance of lensing. 20 Mpc/h, we calculate these multipoles using the linear power spectrum. In black we show the flat-sky multipoles from density and redshift-space distortions, that are simply given by the coefficients in front of L (µ) in Eq. (1.6). In blue, purple and green we show the fullsky multipoles from density and redshift-space distortions obtained from expression (2.45), which we multiply by the appropriate Legendre polynomial and numerically integrate over directions 9 ξ (r,z) = 1 2 + 1
As discussed in Section 2.1, in the full-sky there is no unique way to define the orientation of the pairs of galaxies. We therefore calculate the multipoles for different choices: σ = cos β, σ = cos γ and σ = µ. The amplitude of the multipoles depends on this choice, as can be seen from the different colours in Fig. 6 . At redshiftz = 1 (right), we find that the monopole differs only at very large scales by a few percent, while the quadrupole also differs at intermediate scales by a few percent. The hexadecapole is significantly different at most scales. At redshiftz = 0.1 (left) the difference is much more important, up to 10% on the quadrupole at intermediate scales already. And the hexadecapole is very different at most scales. As already pointed out in [9-11, 29, 36-38] it is therefore important to account for wide-angle effects when interpreting the multipoles. We also see in Fig 6 that the angle which is closest to the flat-sky result is nearly always µ and especially it is always µ forz = 1. Note that in [40] , expressions for the dominant wide-angle corrections to the monopole, quadrupole and hexadecapole have been derived for various choices of angles.
In Fig. 7 we show the multipoles from all the non-integrated contributions in the full-sky linear regime. We use the angle µ for this figure. Each plot represents a different relativistic contribution (see Eqs. (2.2) to (2.11) for a definition of the terms). As in Figs. 3 and 5 , this encompasses the correlation of the term with itself as well as its cross-correlation with the standard term (density and redshift-space distortion). One would naively expect that the dominant contribution would come from the Doppler term d1 correlated with the standard term. However, as discussed in Section 2.1, this contribution exactly vanishes in the flatsky approximation. It would contribute only to a dipole, which cannot be seen with one population of galaxies, due to its anti-symmetry (indeed only even multipoles exist in this case). As a consequence to measure the dominant dipole one needs to cross-correlate two populations of galaxies, as discussed in [41, 52, 54, 55] .
However, as discussed in Section 2.1, in the full-sky the Doppler-standard correlation does not exactly vanish and it contributes to the even multipoles. The amplitude of this term is then of the same order of magnitude as the d1-d1 correlation and as the other relativistic terms (for example g1 correlated with density). This is evident from the various panels in Fig. 7 , where we see that all the non-integrated relativistic terms generate multipoles of the same order of magnitude. The only exception is g3 which is much smaller. This is not surprising since at z = 1 the universe is still matter dominated and the gravitational potential is nearly constant. For the same reason also d2 and g2 are very similar.
The Doppler contribution is the only one which generates a non-negligible hexadecapole. This comes from the correlation of d1 with redshift-space distortions which contains 3 gradient of the potential. In the flat-sky this gives rise to a µ 3 -dependence, which again vanishes for symmetry reason, but in the full-sky one obtains an additional factor µ · r/χ which leads to an hexadecapole 10 . In the flat-sky the other relativistic terms (d2, g1, g2 and g3) generate only a monopole and quadrupole, due to their correlation with redshift-space distortion. the full-sky they do generate higher multipoles, but again those are suppressed by powers of r/χ and are consequently negligible.
In Fig. 8 we plot the fractional difference due to all non-integrated effects with respect to the standard flat-sky multipoles 48) where ξ rel contains the correlation of all the non-integrated relativistic terms with themselves as well as their correlation with the standard term, i.e. they come from
Atz = 1 (right panel), the relativistic terms modify the monopole by a few percent at separations ≥ 300 Mpc/h. The impact of these terms on parameter estimation is therefore probably negligible at high redshift. Atz = 0.1 however (left panel) the relativistic contribution to the multipoles is non-negligible at most scales. The contributions to the monopole and quadrupole are already of a few percent at 50 Mpc/h. At 100 Mpc/h these contributions reach 10% and they quickly increase with separation.
The large amplitude of the relativistic terms at small redshift is due to one specific term in the Doppler contribution, namely the one proportional to 1/(Hχ) (see Eq. (2.5)). The correlation of the Doppler term with itself has roughly the following amplitude:
where we have used that k corresponds to 1/r. At small redshift and large separation, this suppression is not very strong. For example atz = 0.1, χ = 433 Mpc/h and therefore the amplitude of the Doppler term at r = 200 Mpc/h is roughly (r/χ) 2 ∆ den ∆ den ∼ 0.2 ∆ den ∆ den , i.e. 20% of the standard term. The same argument applies to the full-sky Doppler-standard correlation which contributes at the same level. The other relativistic terms on the other hand are more strongly suppressed. For example, the correlation g1-standard has the following amplitude: 1/(Hχ)(H/k) 2 ∆ den ∆ den ∼ (r/χ)rH ∆ den ∆ den . Atz = 1, H ∼ 1/χ and the Doppler contribution is similar to the g1 contribution, as already discussed. Atz = 0.1 however, H is significantly smaller than 1/χ and therefore the Doppler contribution is enhanced with respect to the g1 contribution. Note that the importance of this Doppler effect on the correlation function has already been studied in detail in [29] and further discussed in [11, 36] . These references, however, do not include the other Doppler terms or lensing. This result is especially relevant for a survey like the SKA that will cover wide parts of the sky from z = 0 to 2 and will therefore be strongly affected by the Doppler term at low redshift. In a forthcoming publication we will study the impact of this effect on the measurement of cosmological parameters, in particular on the measurement of the growth rate f from the monopole and quadrupole. Note that, as discussed above, such a study has to be performed using the full-sky formalism, since full-sky effects (from the Doppler-density correlation) contribute at the same level. ��������� X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X In Fig. 9 we show the lensing contribution to the multipoles atz = 1. In the left panel we show the linear result, using the flat-sky and Limber approximation (dashed) and the full-sky calculation (solid); and in the right panel we show the non-linear result. The flat-sky systematically overestimates the lensing contribution. As explained in Section 2.2.1 this is due to the fact that the Limber approximation underestimates the correlation between density and lensing, which is negative, and consequently it overestimates the total in most configurations. Above r ∼ 50h −1 Mpc the lensing contribution is 10% and more. Hence it has to be included for an accurate estimation of the growth rate f . Contrary to the non-integrated relativistic effects, lensing generates non-negligible = 4 and = 6. Actually, as is shown in Fig. 10 the amplitude of the multipoles remains large for large values of . Measuring > 4 will therefore provide a way of isolating the lensing contribution from the standard terms.
In Fig. 11 we show the fractional difference of the monopole, quadrupole and hexadecapole generated by lensing atz = 1 andz = 2. Atz = 1 we see that lensing modifies the monopole by a few percent at intermediate scales. The quadrupole is less affected, apart from at very large scales r ∼ 350 Mpc/h where lensing contributes by 5%. The hexadecapole is the one that is the most affected by lensing, up to 10-20% above 250 Mpc/h. Atz = 2 the lensing contribution is significant for all multipoles. The monopole is modified by 30% already at a 150 Mpc/h and this increases to 50% at 300 Mpc/h. The contribution to the quadrupole is slightly smaller, but it still reaches 10% at 150 Mpc/h and 40% at 300 Mpc/h. And the hexadecapole is strongly affected at all scales. Surveys like Euclid and the SKA, that will observe up to high redshift should therefore include lensing in their modelling of the multipoles of the correlation function.
In this Section we have only discussed the contribution from even multipoles to the correlation function. As stated before, in the flat-sky approximation only even multipoles exist, even in the presence of relativistic effects and lensing 11 . This follows directly from the fact that the correlation function is symmetric ξ(r) = ξ(−r) and that the flat-sky angle goes from µ to −µ when r goes to −r. In the full-sky, the existence of odd multipoles depend on the choice of angle used to measure them. If the cosine of the angle simply changes sign when r goes to −r, then odd multipoles exactly vanish also in the full-sky. This is the case for the angles β, γ and α defined in Fig. 1 . However if one uses instead the angle α 1 (see Fig. 18 ) to measure the multipoles, then the correlation function contains odd multipoles in the full-sky because α 1 goes to π + α 1 − θ when r goes to −r. Hence even if the correlation function is symmetric, its expansion in terms of α 1 contains odd multipoles due to the fact that the angle itself breaks the symmetry of the configuration [40] . Note that the dipole of the correlation function using the angle α 1 has been measured in [54] . Finally let us stress that if we cross-correlate different populations of galaxies, then the correlation function is not symmetric anymore ξ AB (r) = ξ BA (−r) (where A and B denote the two populations under considerations) and it contains therefore odd multipoles already in the flat-sky approximation, as demonstrated in [41] .
3 From the correlation function to the power spectrum As discussed in the introduction, an alternative observable which is routinely used to analyse redshift surveys is the power spectrum. Here we discuss the impact of the large-scale relativistic effects and of the lensing on this observable.
Of course, since galaxies are seen on our background light-cone and not in 3D physical space, a galaxy position is fixed by a redshift z and a direction n. But we can split the distance vector between two galaxies, r (which is the argument of the galaxy correlation function ξ(r,z)) in a sufficiently small redshift bin into a radial, r and a transverse, r ⊥ component and express ξ in the variables ξ(r , r ⊥ ,z). We can then define the power spectrum simply as the Fourier transform of the correlation function,
In this expression r = rσ and r ⊥ = r √ 1 − σ 2 where
depending on the angle used to split the survey into a radial and a transversal component. Note that r ⊥ = r ⊥ (cos φ, sin φ) is a 2D vector in the plane normal to the parallel direction and we have performed the φ integration choosing the x-axis in the r ⊥ plane parallel to k ⊥ . For the case σ = µ, r = χ 2 − χ 1 the expression for the correlation function is given in Appendix B and Section 2, (2.39). For the other angles, one has to use the relations given in Appendix A. However, we must consider that while the correlation function as given e.g. in Eq. (2.17) can be defined for all values r ∈ [0, χ(∞)]
[0, 14h −1 Gpc] and r ⊥ ∈ [0, 2χ(∞)], and is correct for |r H(z)| 1, this is no longer so for its Fourier transform 12 . To compute it we have to integrate the correlation function over all space, but as we just said, we cannot observe the correlation function outside of our horizon and the result is not reliable if |r H(z)| 1. It is well defined only for a range of (r , r ⊥ ). This situation is further complicated by the fact that this range depends on redshift. Therefore, the simple Fourier transform given above gives a physically sensible result only for
For these values of k , contributions from radial distances such that the two galaxies are not in a thin shell aroundχ = χ(z) are cancelled by the rapid oscillations of the exponential in the Fourier transform.
With this word of caution we now simply Fourier transform the correlation function to obtain the power spectrum. We can either use the correlation function obtained via the C (z 1 , z 2 )'s or the one from the direct computation. Here we present the details for the latter.
As stated above, for the 'true' power spectrum, the integral over r should extend from −∞ to +∞ and the integral over r ⊥ should extend from 0 to +∞. The correlation function is however not observable outside the horizon and the integral must therefore be truncated by a window function which removes these scales. In practice galaxy surveys do not observe the whole horizon but only part of it and therefore the range of integration is even more reduced. The true window function of the observation patch leads to a convolution in the correlation function and therefore to a multiplication of the Fourier transform of the window in the power spectrum From Eq. (3.2) we see that there is another reason to truncate the integral. The arguments k and k ⊥ (or equivalently k and ν =k ·n) of the power spectrum are parallel to r and r ⊥ respectively. Now the direction of r , for example, depends on the direction of the pair of galaxies we consider. If the domain of integration in (3.2) is sufficiently small, then a mean direction n can be introduced and this splitting is well defined: one can identify one line-of-sight for the whole patch of sky we are observing and split parallel and transverse directions with respect to this line-of-sight. If the patch is too large however, this procedure is no longer valid 13 . The integral (3.2) can still be done mathematically, but its physical interpretation becomes unclear. This illustrates the fact that the power spectrum is truly well defined only in the flat-sky. In practice this means that we can consider the Fourier transform of the correlation function in a sphere of radius ∆z/H(z) for values k H(z)/∆z. Similar to what is done for the correlation function, in the standard analysis, the ν dependence of P (k, ν,z) is used to extract the growth rate f (z). Indeed as seen in Eq. (1.2), the standard power spectrum takes the simple form
where the coefficients p n are given by:
The multipoles p 0 and p 2 contain different combinations of the bias and of the growth rate f (z) and can be used to measure these two quantities. If p 4 can be measured as well it can be used as an additional consistency check. Furthermore, this quantity is independent of galaxy bias which renders it especially valuable. The large-scale relativistic effects and the gravitational lensing are however expected to modify this simple multipole expansion. In principle to calculate the contribution of these effects to the multipoles, one would need to calculate Eq. (3.2) for all values of k and k ⊥ and then integrate over all directions, weighting by the appropriate Legendre polynomial
As the correlation function is a symmetric function of µ, ξ(x 1 , x 2 ) = ξ(x 2 , x 1 ), the power spectrum will be symmetric in ν so that only even 's are non-zero. This is no longer the case when one correlates different tracers, e.g. bright and faint galaxies [32, 57] . The procedure to obtain the multipoles of the power spectrum can however be simplified by using directly the multipoles of the correlation function ξ (r) (see Appendix D for a proof of this relation)
As discussed before, the integral over r cannot run until infinity because the correlation function (and consequently its multipoles) is not observable over the whole space. For simplicity we assume that we observe galaxies within a sphere of radius r max , centred at redshiftz. This corresponds to introducing a window function in Eq. (3.9) which removes scales larger than r max . For the standard terms, the multipoles p (k) are relatively insensitive to the choice of r max since r 2 ξ st → 0 as r → ∞. The large-scale relativistic effects scale however as r 2 ξ rel → constant as r → ∞ and consequently their multipoles depend on the choice of r max . This reflects the fact that these terms diverge when k → 0 as we will see in section 3.1. The situation for the lensing term is even worse: the correlation function scales as r 2 ξ len → ∞ and the dependence in r max is even stronger. The lensing power spectrum is therefore strongly dependent on the geometry of the survey, as already noticed in [34] .
The flat-sky approximation
In the previous section we obtained the power spectrum by integrating over the full-sky correlation function, weighted by a window function to restrict the range of integration to the observed patch of the sky. Here we would like to compare this procedure with a flat-sky direct calculation of the power spectrum 14 . The power spectrum for the non-integrated terms has been derived previously in [31, 32] . It can be easily obtained by Fourier transforming the non-integrated relativistic contributions to the number counts, namely ∆ d1 , ∆ d2 , ∆ g1 , ∆ g2 and ∆ g3 (see Eqs. (2.5) to (2.9)). Note that in principle this procedure does not generate an observable, because the Fourier transform of a function f (k, η) at a given conformal time η requires the knowledge of the function over the whole hypersurface of constant η 15 . An observer cannot observe this hypersurface, but only its intersection with her past light-cone. However, due to the statistical homogeneity and isotropy of our Universe, the properties of the Figure 12 : To calculate the Fourier transform of the lensing term ∆ lens (k, η), one needs to know the value of ∆ lens (x, η) for all x on the hypersurface of constant time η. However for a given observer, ∆ lens (x, η) is well defined only on her past light-cone. Calculating ∆ lens (x, η) outside of the past light-cone, like for example at the position of the cross would require to integrate the gravitational potential along the dashed trajectory, which is not physical, and would lead to wrong results.
function are the same everywhere, and the Fourier transform can be performed. We obtain (in agreement with [31] where only the non-integrated terms are considered)
A represents the standard terms, density and redshift space distortions. B is the Doppler term which is suppressed by a factor H/k and C represents the additional relativistic contributions which are suppressed by (H/k) 2 . To arrive at this result we have set Ψ = Φ and we have neglected the term containing the time derivative of the potential, since it is relevant only at late time and at very large angular scales where the flat sky approximation is not valid. The contribution of the integrated terms to the flat-sky power spectrum are more complicated to calculate and have been neglected in [31, 32] . The reason is that integrated terms, like for example the lensing ∆ lens (n, η), depend on the value of the gravitational potential along the photon trajectory in direction n. As a consequence ∆ lens (n, η) is well defined only on the past light-cone of the observer and not on the whole hypersurface of constant conformal time η. Calculating ∆ lens (n, η) for a point which is not on the past light-cone of the observer would require to calculate the lensing signal along arbitrary trajectories that have nothing to do with the trajectories followed by photons, as depicted in Fig. 12 .
To calculate the power spectrum of the integrated terms, we need therefore to go through the correlation function.
In Appendix E we show how this can be done in the flat-sky approximation. To calculate the integrated terms in the flat sky approximation, we define a sky direction n * and split the observation directions as n 1 = n * + ∆n/2, n 2 = n * − ∆n/2. We also split r = r ⊥ + n * r with r ⊥ = χ(z)∆n. Representing the correlation function as the Fourier transform of the power spectrum, we can then perform the integral over k by neglecting the slow dependence of the power spectrum and taking into account only the fast oscillations of the exponential. This leads to the δ(k ) and δ P (k ) defined below. All details are given in Appendix E. We obtain
(3.14)
The first line comes from the correlation of the integrated terms with density and the second line is the correlation of the integrated terms with themselves. The distribution δ P is defined by (see Appendix E for more detail)
The lensing terms are proportional to the distributions δ(k ) and δ P (k ). They have to be understood as formal expressions. Physical power spectra are obtained by smoothing the signal with a longitudinal window function. Let us briefly explain this: we assume that our galaxies are all inside a radial window, W (r ), with which the correlation function has to be convolved. Its Fourier transform, the power spectrum is then multiplied by the Fourier transform of the window, W (k ). As an example, for the cross term involving δ P (k ), denoting the pre-factor of δ P (k ) by P × and the result by P × obs , we obtain an integral of the form
More details with examples of Gaussian and top hat windows can be found in [35] .
Numerical results: comparison of the flat-sky and full-sky expressions
In Figs. 13 and 14 we show the multipoles of the power spectrum atz = 1 as a function of k for all the non-integrated terms. We compare the results obtained from the full-sky correlation (3.9) (coloured lines) with the flat-sky results given in (3.10) (black lines). In principle, one could use a sharp cut-off in (3.9) to reflect the fact that the correlation function outside of the observed patch of the sky is zero. However, it is well-know that such a cutoff introduces spurious oscillations to the power spectrum. We therefore use the following window function to smoothly remove scales outside of the observed patch of the sky
with λ 1 = 1000Mpc/h and λ 2 = 50Mpc/h which gives λ smooth 700Mpc/h or k smooth 0.005h/Mpc. The multipoles of the standard terms are shown in the left panel of Fig. 13 . We see that for k larger than the smoothing scale (depicted by the grey vertical line), the full-sky multipoles agree extremely well with the flat-sky expression. For k smaller than the smoothing scale, the full-sky multipoles differ from the flat-sky ones, due to the presence of the window function which removes large scales. The right panel of Fig. 13 shows the multipoles of the Doppler term d1. The full-sky quadrupole (orange) is significantly larger than the flat-sky quadrupole (black dashed). This is due to the fact that in the flat-sky, the contribution coming from the correlation of the Doppler term with the standard terms exactly vanishes, as it gives rise only to odd multipoles, which are exactly zero if one has only one population of galaxies. As a consequence the only contribution to the quadrupole comes from the correlation of the Doppler term with itself. In the full-sky, this is no longer the case. A quadrupole is induced from the correlation of the Doppler term with the density. This contribution is suppressed by a power r/χ ∼ H/k and becomes therefore of the same order of magnitude as the Doppler-Doppler correlation function. This situation again reflects the fact that to properly evaluate the impact of relativistic effects it is not consistent to use the flat-sky approximation, because full-sky corrections generate effects that are of the same order of magnitude as the relativistic terms.
In Fig. 14 we show the other non-integrated relativistic effects. In this case the full-sky and flat-sky multipoles agree very well. This is due to the fact in this case the difference between the flat-sky and full-sky result is of the order of (r/χ) 2 and not r/χ and is therefore not visible atz = 1 16 . Figure 16 : Fractional difference atz = 1 generated by the large-scale relativistic effects on the monopole (blue), quadrupole (orange) and hexadecapole (green) of the power spectrum.
In Fig. 15 we show the multipoles of the lensing contribution. Here we only calculate the full-sky multipoles given by Eq. (3.9) since the flat-sky expression (3.14) is not well defined for k = 0. As discussed before, the lensing power spectrum is extremely sensitive to the cut-off because the correlation function increases with r. As a consequence the window function defined in (3.17) and used for the non-integrated terms is too sharp and not well adapted for the lensing term. It gives rise to large unphysical oscillations in the power spectrum. We therefore use instead a Gaussian window function which is smoother
where we consider two different values for a: a = 300 Mpc/h (dashed lines) and a = 500 Mpc/h (solid lines). All multipoles from the lensing term, monopole and quadrupole (left panel) as well as the hexadecapole and = 6 multipole (right panel) are of the same order of magnitude. This is very different from the standard expression which is dominated by the monopole and quadrupole. The hexadecapole and the = 6 multipole depend more strongly on the value of a than the monopole and quadrupole, which differ only for k ≤ 0.03h/Mpc. Nevertheless, the passage through zero is independent of the window size. This zero of the hexadecapole and of the = 6 multipole is due to the competition between the positive lensing-lensing correlation which dominates at large k and the negative density-lensing correlation which dominates at small k, as can be seen from the bottom panels of Fig. 15 . The standard monopole, quadrupole and hexadecapole of the power spectrum are used to measure the growth rate and constrain cosmological parameters. Since large-scale relativistic effects and gravitational lensing contribute to these multipoles, they can in principle contaminate this estimation. In Fig. 16 we show the fractional difference between the full-sky non-integrated relativistic multipoles and the flat-sky standard multipoles atz = 1 19) where p rel denotes the multipoles from all the non-integrated relativistic effects and their correlation with the standard terms, similarly to (2.49). We see that the correction generated by the relativistic effects is less than a percent at all scales and can therefore be neglected. At small redshiftz = 0.1 we expect a larger contribution, similar to the one that affects the multipoles of the correlation function, see Fig. 8 . However we found that this contribution strongly depends on the window function and we defer therefore a careful study of this effect to a future publication [44] .
In Fig. 17 we show the fractional difference between the lensing multipoles and the flat-sky standard multipoles atz = 1 andz = 2 20) where p lens denotes the multipoles from the lensing and its correlation with the standard terms. We see that above 0.01 h/Mpc the lensing contribution to the monopole and quadrupole is less than a percent. Only on very small k does it reach a few percents. The hexadecapole is more strongly affected at all scales. Atz = 2, the monopole and quadrupole get corrections of 10-20% at small k and the corrections remain above 1% at all scales. These numbers seem to be in broad agreement with the flat-sky results of [35] 17 . Again the hexadecapole is strongly affected by lensing at all scales. Note that as mentioned previously, the multipoles of the power spectrum strongly depend on the window function chosen to integrate (3.9), especially for the lensing contribution which grows with separation. In addition the multipoles of the power spectrum depend on the minimal separation we use in the integral (3.9), which in practice is given by the size of the pixels in which we measure the number counts. In particular, we have found that a window function which is too sharp leads to strong oscillations in the power spectrum. Similarly, the lower cutoff leads to oscillations for k > π/r min . In our case we choose r min = 8 Mpc/h leading to oscillations around k ∼ 0.2 h/Mpc. The results shown in Figs. 15, 16 and 17 should therefore be taken with some caution as they will depend on the form of the window, the smoothing scale and the minimum separation used in the Fourier transform. We defer a more detailed study of these parameters to a future publication, where we will also analyse the impact of the large-scale relativistic effects and of the lensing on the determination of cosmological parameters [44] .
Discussion and Conclusions
In this paper we have studied the redshift-space correlation function and the power spectrum of galaxy number counts. Even though these functions depend on the cosmological model used to convert angles and redshifts into distances 18 , they are useful for several reasons. First they are well adapted to describe the 3-dimensional information present in large-scale structure. This is not the case for the observable C (z 1 , z 2 ) angular-redshift power spectrum for which we cannot employ very fine redshift binning due to under-sampling. Second, the multipoles of the correlation function and of the power spectrum contain important information about the growth of perturbations which is difficult to isolate in the angular-redshift power spectrum. We therefore propose to use the redshift-space correlation function to analyse thin shells in redshift space, ∆z ∼ 0.2 and the power spectrum to analyse small (a few 100 Mpc) patches of sky.
Computing these quantities within linear perturbation theory and with the halofit approximation, we have shown how they are affected by large-scale relativistic effects and by lensing. The large-scale relativistic effects are important mainly at small redshifts. At z = 0.1 they introduce corrections to the monopole and quadrupole of the correlation function of the order of 10% at a separation of 100 Mpc/h and they quickly increase with separation. The hexadecapole is less affected at intermediate scales, but at large scales the correction becomes similar to the other multipoles. We have seen that this large correction is due to the Doppler effect, which contains a term proportional to 1/(Hχ) which is enhanced at small redshift. This term has previously been identified in [11, 29, 36] . At large redshift however, this Doppler term contributes to the multipoles at the same level as the other relativistic effects and generates corrections that are never larger than about 1%. We have also seen that full-sky corrections to the correlation function are of the same order as relativistic corrections. It is hence inconsistent to take onto account only one or the other. They have to be discussed together as we do it in this work.
At large redshift the lensing term becomes much more relevant than the large-scale relativistic contributions. Furthermore, the importance of lensing strongly depends on the orientation of the pair of galaxies. In particular it is most important along the line-of-sight, when µ ∼ 1. In this case on large scales, r > 200 Mpc/h, the lensing term even dominates over the standard terms (see Fig. 3 ). We have also studied the contribution of lensing to the multipoles of the correlation function and of the power spectrum and we have seen that at z = 1 lensing modifies the monopole and quadrupole of the correlation function and of the power spectrum by a few percents. At larger redshift z = 2 these corrections amount to 10-30% at intermediate scales and quickly increase with separation. This clearly shows that lensing cannot be neglected in the analysis of future galaxy surveys at high redshift. Moreover we have seen that the hexadecapole of the correlation function and of the power spectrum are strongly affected by lensing at z = 1 and z = 2. This comes from the fact that the hexadecapole from the standard terms is significantly smaller than the monopole and quadrupole, whereas the hexadecapole of lensing is of the same order as the monopole and quadrupole (as can be seen from Fig. 10 ). Measuring the hexadecapole is expected to provide a clean way of measuring the growth rate f since it is independent of bias. Here we see however that such a measurement would require a careful modelling of the lensing 18 Note that deviations from the fiducial model can be accounted for in a consistent way by introducing correction parameters that rescale the correlation function, see e.g. [27] .
contribution. Furthermore, we have found that lensing generates significant higher multipoles > 4 in the correlation function and in the power spectrum, see Figs. 9, 10, 11 and 15.
In our work, contrary to previous studies on the subject, we have derived an expression for the lensing correlation function which is exact, i.e. which does not rely on the flat-sky and Limber approximation. By comparing our result with the flat-sky result, we have found that the flat-sky approximation is only good in forward direction, µ = 1, see Fig. 4 . The full-sky lensing multipoles differ from the flat-sky one by 20-40%, see Fig. 9 . Finally, we have seen that due to the mixing of scales, non-linearities in the matter power spectrum are relevant for lensing even for large separations out to r > 200 Mpc/h for µ ∼ 1 where lensing is most relevant, see Fig. 5 . A correct treatment of lensing requires therefore the use of the full-sky non-linear expressions.
The presence of higher multipoles in both, the correlation function and the power spectrum, might represent an ideal observational target to identify the lensing term. As it has been discussed previously [46] , measuring the convergence κ via the lensing of number counts is a promising alternative to shear measurements. On the other hand, it has been shown that neglecting lensing in the analysis of future surveys, at least for photometric surveys induces significant errors in parameter estimation [47] . It will be important to investigate whether this is also the case when precise spectroscopic redshifts are available. We shall study this in a forthcoming paper [44] using the methods outlined in this work.
A Relations between the angles
In this appendix we derive in detail the relation between the angles θ, α, β and γ, see Fig. 18 . More precisely, we give expressions for cos α, cos β and cos γ in terms of r, cos θ and z = (z 1 + z 2 )/2 or ratherχ = χ(z). Note that (χ 1 + χ 2 )/2 and χ(z) differ by a term of order (∆z) 2 /H((z) which we neglect.
As defined in the main text, α is the angle between the line of length r connecting the two positions at redshifts z 1 and z 2 which span an angle θ at the observer and the line connecting z 2 and the intersection or the circle or radius r around z 2 with the Thales circle over r (see Fig. 1, left panel) . Evidently α is given by
Here we have used eq. (2.24) to express r in terms of (r,χ, cos θ).
The angle β is obtained as follows: We denote by s the length of the line from the observer O to the middle of r and by α 2 the angle of the triangle (O, z 2 , z 1 ) at z 2 , see Fig. 18 . The cosine law gives the following relations
Eliminating s and solving for cos β we find Figure 18 : The angles α 1 , α 2 , β, γ and the lengths s and t used to determine respectively β and γ are indicated.
Using furthermore cos α 2 = χ 2 − χ 1 cos θ r we obtain after some simplifications
For the second line we used expressions (2.23) for χ 1,2 . Considering the angle γ and using t as indicated in Fig. 18 and α 2 as before we see that γ = θ/2 + α 2 hence
Inserting cos θ/2 = 1 + cos θ 2
1/2
and the expressions for cos α 2 we obtain
Again we have inserted the expressions (2.23) for χ 1,2 in the last equal sign. We shall also use the expressions for cos α i which are easily derived from the cosine theorem:
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B The full angular-redshift correlation function
The 'full angular redshift correlation function' is ξ(θ, z 1 , z 2 ) when we include all the relativistic terms. It can be computed as follows. We first write down derivatives of Eq. (2.41) wrt χ 1 and χ 2 which are encoded in the functions ζ ij (kχ 1 , kχ 2 ). Using r = χ 2 1 + χ 2 2 − 2χ 1 χ 2 cos θ and the recurrence relations for derivatives of spherical Bessel functions
we find ζ 00 = j 0 (kr) (B.1)
(B.5) The coefficients ζ 21 (x 1 , x 2 ) etc. are obtained from ζ 12 etc. via the symmetry relation
The flat sky limit of the above function is obtained by setting α 1 = α 2 ≡ α. In this case all the terms in front of a j are a multiple of the Legendre polynomial L (cos α). More precisely, denoting the flat sky limit of ζ ij byζ ij we obtain
The termsζ 00 ,ζ 02 andζ 22 give rise to the standard flat sky result (3.5) to (3.7). The flat sky resultsζ 01 andζ 12 are more subtle. Since we always have to addζ ij +ζ ji and ζ ij (cos α) =ζ ji (cos(π − α)) =ζ ji (− cos α) these odd terms actually cancel and do not contribute in the case of a single population of galaxies. They do contribute to a multi tracer signal, see [41] . The only coefficients that do not fall into this category, as explained in the main text, are the lensing terms which are computed using the identity
They are given explicitly by 
+ sin(α 1 −2α 2 ) + sin(3α 1 −2α 2 ) + 2 sin α 1 + 10 sin(3α 1 ) j 4 (kr) (B.17)
For the lensing terms the flat sky limit cannot be obtained by setting α 1 = α 2 since the terms ξ iL diverge in this limit. We discuss the flat sky approximation of lensing in Appendix E. the density growth function D 1 (a) as
Here we have set Φ = Ψ and the transfer function T (k) as well as the growth function D 1 (a) have to be determined either with a Boltzmann solver like class or using an analytic approximation like the one derived in Ref. [58] . We have normalized the growth function as well as the scale factor to unity today, D 1 (1) = 1. For the numerical results shown in our figures we used the Boltzmann solver class. We have checked analytically and numerically that our correlation functions for the standard and (d1)-terms agrees with the full sky results of [41] .
C Approximation for the non-linear full-sky lensing As discussed in Section 2.2.1, to calculate the non-linear full-sky lensing we calculate the halo-fit power spectrum at a fixed redshift z * and then evolve it along the line-of-sight using the linear growth rate. To choose z * we use the flat-sky non-linear result, that we calculate first without approximation and second with the same approximation as in the full-sky. We find that when z * = 0.42 the approximate solution is in extremely good agreement with the correct solution. We use therefore the same z * to calculate the full-sky result, for which it is not possible to do an exact integration (see discussion in Section 2.2.1).
In Fig. 19 we compare the non-linear full-sky lensing calculated with different values for z * . In red we show the result for z * = 0.42 (best fit from the flat-sky), and in black and blue we show the two extreme cases: z * = 1 (black) and z * = 0 (blue). We see that the lensing terms behave as expected: a smaller z * gives rise to a larger result, since in this case we overestimate the power spectrum along the line-of-sight. The curve z * = 0.42 is well situated between the two extreme cases, as was the case in the flat-sky. This gives us confidence that the approximation works well also for the full-sky lensing.
D Direction dependent power spectra
In this appendix we prove a simple property of direction dependent power spectra which is often used. This result is of course not new but it is usually used without derivation and mainly in special cases. Here we prove it in full generality.
Theorem ξ(r) is a correlation function which depends on the orientation of r only via its scalar product with one fixed given direction n (e.g. the line of sight). Denoting the corresponding direction cosine by µ and expanding ξ in Legendre polynomials, we have
In this situation the Fourier transform of ξ, the power spectrum, is of the form
Proof The Fourier transform of ξ is defined as Here Y m are the spherical harmonics as given e.g. in [59] . Inserting these identities in (D.5) using the ansatz (D.1) for the correlation function, we obtain P (k) = Clearly, if ξ(r) = ∆(x)∆(x + r) is independent of x (∆ is statistically homogeneous), ξ does not depend on the sign of r and in the sum above only ξ n with even n's can contribute so that P (k) is real.
Inserting the expressions for the Q AB in (2.39) to obtain the correlation function, we realize that in the flat sky limit (n 1 → n 2 ), all our terms ξ AB where the corresponding Q AB do not contain integrated terms, are actually of this form. This also shows that in this limit ζ 01 + ζ 10 and ζ 12 + ζ 21 must vanish since they contain j 1 (kr) and j 3 (kr) and would yield imaginary contributions to the power spectrum.
For wide angles n 1 = n 2 the correlation function depends on two directions. Furthermore, for large r it is not translation invariant as it depends on the redshift on our background light-cone at which r is placed. In this case, the Fourier transform of the correlation function is no longer simply given by the power spectrum of the fluctuations.
The theorem proven above has a simple but useful corollary which is sometimes called the closure relation of spherical Bessel functions [60] . Inserting the expression (D.3) into (D.4) and using that it holds for arbitrary functions p n (k), we find This identity also holds for J m with integer m, see [61] , No 6.512-8.
E The flat sky approximation
To derive expression (3.14) we consider the observed galaxy density fluctuation in real space given in Eq. (2.1). We neglect the integrated Sachs Wolfe term and theΦ term in the first line; they are very small and relevant mainly on very large angular scales where the flat sky approximation breaks down. The remaining integrated term is then only the lensing term and the subdominant Shapiro time delay. Furthermore, we set Ψ = Φ which is a very good approximation in ΛCDM at late times. Denoting the power spectrum of the comoving density contrast δ c at redshift z = 0 by P δ and using the perturbed Einstein and continuity equations we find
where f (z) is the growth rate as given in (1.3), D 1 (z) is the growth function such that δ c (k, z) = D 1 (z)δ c (k) ≡ D 1 (z)δ c (k, 0) and Ω m is the matter density parameter today.
Neglecting first the integrated terms we can simply Fourier transform this expression from χ(z)n ≡ x to k and use that the power spectrum is the square of the Fourier transform amplitude. This yields P n.i = A + B/(kH) + C/(kH) 2 2 P δ (k) , (E.3)
where A, B and C are given in (3.11) and (3.13).
To derive the cross term of the non-integrated with the integrated terms, it is more useful to start with the correlation function. Let us denote A + B/(kH) + C/(kH) 2 = α(k, ν, z) and F (k, ν, z) = α(k, ν, z)δ c (k) with Fourier transform F (x, z) . Denoting I(χ(z)n, z) = 2 χ(z)
we have ξ ∆∆ (r, z) = F (χ 1 n 1 , z 1 )F (χ 2 n 2 , z 2 ) + I(χ 1 n 1 , z 1 )F (χ 2 n 2 , z 2 ) + F (χ 1 n 1 , z 1 )I(χ 2 n 2 , z 2 ) + I(χ 1 n 1 , z 1 )I(χ 2 n 2 , z 2 ) , (E.5)
where χ i = χ(z i ) and r = χ 2 n 2 − χ 1 n 1 , z = (z 1 + z 2 )/2 and we assume both χ i r and the z i should not be very different. Using the relation between Φ and δ c , the contribution of the cross term to the correlation function is then given by
In the spirit of the flat sky approximation we now set n 1 = n * + ∆n/2 and n 2 = n * − ∆n/2 assuming that ∆n is very small. Splitting r = r ⊥ +n * r with r ⊥ = χ(z)∆n and r = r cos α 2 , see Fig. 18 , we then perform the k-integral in the direction parallel to n * , dk exp(−ik (χ 2 − λ)). We neglect the slow dependence of the power spectrum on k and only consider the rapidly oscillating exponential which gives 2πδ(χ 2 − λ). Hence the integral over λ does not contribute if χ 2 > χ 1 , otherwise it reduces to the integrand at χ 2 ,
where Θ is the Heaviside Θ-function. Using polar coordinates, d 2 k ⊥ = dk ⊥ k ⊥ dϕ we can perform the ϕ integration which yields a Bessel function, 2πJ 0 (k ⊥ r ⊥ ) = 2πJ 0 (k ⊥ r sin α 2 ). The term ξ F I (r,z) contributes in the same way with z 1 and z 2 exchanged. Setting χ 1 − χ 2 = r = rµ and neglecting the difference of χ 1 and χ 2 (z 1 and z 2 ) in all other places, we find for the sum of both mixed terms ξ IF +F I (r, z) = − 3 2π
Ω m H 2 0 (2 − 5s(z)) 2χ
Here we have also neglected the difference between cos α 2 and µ. In the flat sky approximation all these angles are equal. (If we would want to be precise, actually in the case z 1 ≡ z 2 , hence µ = 0 the Shapiro time delay would obtain a factor 4, not 2, but we neglect this in the flat sky approximation.) To obtain the Fourier transform of (E.8) which is the contribution n.i.-I to the power spectrum we first multiply the equation with dk exp(−ik r )δ(k ) = 1. We then write the factor |χ 2 − χ 1 | = |r | = |µ|r inside the integral, dk exp(−ik r )|r |δ(k ) = |r | is the Fourier transform of
Note that without the absolute value δ P would become −iδ . This distribution is purely imaginary while δ P is real. However, like δ or δ its support is on k = 0, i.e. for a function f which vanishes in a small neighborhood around k = 0 we have δ P · f ≡ 0.
Inserting (E.9), we can write the correlation function ξ IF +F I as the Fourier transform of P n.i.−I (k, z) = −3π
(E.10)
Note also that since k = 0, in the flat sky limit, the integrated term is not correlated with redshift space distortions. Let us finally compute the double integrated term,
−ik(n 1 λ−n 2 λ ) .
(E.11)
Via the same procedure as above, the integration over k leads to 2πδ(λ − λ ) and we find ξ II (r, z) = (3Ω m H 2 0 (2 − 5s(z))) 2 (2π) 2 4χ 2
2 D 2 (z(λ))(1 + z(λ)) 2 e −ik ⊥ r ⊥ (λ/χ)) .
(E.12)
We now perform a change of variables, k ⊥ → (λ/χ)k ⊥ . In terms of this new variable, the integral contribution to the correlation function becomes
(E.13)
Again, performing the ϕ integration we end up with
(E.14)
Inserting the same factor 1 as for the mixed term above, we can read off the flat sky power spectrum of the integrated contribution,
(E.15)
Adding (E.3, E.10, E.15) we obtain the result (3.14). For completeness, and since we use it for some of our results, we also write down the flat sky correlation function,
Since α only contains terms which are constant, linear or quadratic in ν, the ν-integration is easily performed analytically.
